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( )The attainable ®alues of molecular-weight distribution MWD specified by the degree
of polymerization and the polydispersity in a batch free-radical polymerization reactor
are described. The two-step method based on the quadratic profile of the instantaneous
degree of polymerization is used to obtain the recipe producing the polymer with the
desired MWD specification. The analytic solution for the quadratic profile is deri®ed
and analyzed in order to estimate the attainable MWD gi®en the constraints on the
range of the instantaneous degree of polymerization. The entire computational proce-
dure is intelligently organized, and thus the actual computational load is ®ery low com-
pared to the con®entional optimization scheme. The MWD attainable under a specific
operating condition with constraints in a batch styrene polymerization reactor is ®isual-
ized and ®arious reactor temperature trajectories that would produce the desired poly-
mer product are calculated. The ability to predict the attainable MWD allows an engi-
neer to easily design the recipes that would meet the desired MWD specification.

Introduction
The batch polymerization process is widely used in indus-

tries for its availability and flexibility in operation. In a batch
free-radical polymerization process, a typical operation task
involves the manipulation of reactant concentrations, reactor
temperature, and other adjustable variables to achieve de-
sired targets for conversion, molecular weight, and residual
impurities. These are actually indirect specifications of the
end-use and processing properties needed by the customer.
Many end-use properties are correlated with the average

Ž .molecular weight MW and molecular weight distribution
Ž .MWD , including tensile strength, impact strength, fatigue

Ž .life, and melting point Nunes et al., 1982 . Molecular weight
Žalso affects the processing properties Tadmor and Gogos,

.1979 .
Hence, operating a polymerization process to achieve a

specified average MW and MWD is highly desired. However,
control of MW and MWD is a very difficult task, with on-line
measurement being the primary obstacle. Without measure-
ment, feedback control of MW and MWD is not possible.
Thus the polymerization process is operated according to a

Žpredetermined recipe such as reactor temperature trajectory
.or initiator supply policy that has been obtained to produce

Correspondence concerning this article should be addressed to H.-K. Rhee.

a polymer with the desired properties. In industrial practice,
the recipe is usually determined by trial-and-error experi-
ence. A less common industrial approach for determining the
recipe is to use polymerization models.

Many researchers have used the optimal-control theory in
order to determine a recipe that minimizes the reaction time
and produces the polymer with the desired average MWs in a

Žbatch reactor Hicks et al., 1969; Sacks et al., 1972; Chen and
Jeng, 1978; Thomas and Kiparissides, 1984; Ponnuswamy et

.al., 1987; Ahn et al., 1998 . The derived optimization prob-
lem is, however, nonconvex and leads to many difficulties
against implementation; that is, feasibility, optimality, and
computation. Also, these calculations usually require simplifi-
cation of the reaction kinetics involved.

Ž .Takamatsu et al. 1988 proposed the two-step method
based on the instantaneous degree of polymerization needed
to determine the temperature trajectory that would produce
the desired average MWs in a batch suspension styrene poly-
merization reactor. This method transforms the average
molecular-weight control problem into a one-parameter
searching problem. Thus, the time-consuming complex com-
putation can be avoided, and the criterion to judge whether
or not the reactor temperature trajectory is feasible in a given

Ž .reactor system can be easily derived Chang and Lai, 1992 .
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In polymerization processes, the preferred operating con-
dition should take into account the end-use properties, ease
of processing, and operating costs. Hence, it is necessary to
evaluate which specifications can be realized under a given
operating condition. Recently, we implemented the on-line
two-step method that repeatedly uses a numerical algorithm

Ždeveloped for an open-loop scheme at each time step Yoo et
.al., 1998 . For the on-line scheme, it is also necessary to judge

the existence of the feasible solution at each time step and
calculate the recipe as fast as possible. The conventional op-
timization scheme, however, is very slow to meet these objec-
tives.

In this study, we examine what specifications for average
MWs are realizable in a batch polymerization reactor when
the two-step method is applied. At first, we formulate the
equations for the first step in dimensionless form and derive

Žsimple analytic solutions the quadratic profiles for the in-
.stantaneous degree of polymerization that would give rise to

the desired average MWs. We then investigate the range of
feasible average MWs attainable by the two-step method
based on the quadratic solutions for both unconstrained and
constrained cases. Finally, we perform the simulation study
for styrene polymerization in a batch reactor, and discuss var-
ious operational strategies to produce polymer with the de-
sired average molecular weights.

Batch Polymerization Reactor Model
In this section, we describe a batch-reactor model for the

solution polymerization. The reaction kinetics is assumed to
follow the free-radical polymerization mechanism, including
chain transfer reactions to both solvent and monomer. The
general free-radical polymerization mechanism is summa-
rized in Table 1. The method of moments is adopted to cal-

Ž .culate the number average molecular weight Mn and the
Ž .weight average molecular weight Mw . The definitions of the

moments are as follows:

` `
k kG s n R t and F s n P t ,Ž . Ž .Ý Ýk n k n

ns1 ns1

ks0, 1, 2. 1Ž .

The dynamic behavior of the reactor is described by the
equations reported in Table 2. As the monomer is converted
to polymer, the density of the reaction mixture increases, and
thus the volume V of the reactor contents shrinks. Therefore,

Table 1. Free-Radical Polymerization Mechanism

kd 6Initiation I 2w ?
ki 6w ?q M R1
kp

6Propagation R q M R1 2
kp

6R q M Rj jq1
ktc 6Termination by combination R q R Pi j iq j
kt d 6Termination by disproportionation R q R P q Pi j i j

kt r m 6Chain transfer to monomer R q M P q Ri i 1
kt r s 6Chain transfer to solvent R qS P q Ri i 1

Table 2. Balance Equations for the Batch Reactor

Ž .1 d IV
sy k IdV dt

Ž .1 d MV
sy2 fk Iy k MG y k MGd p 0 t r m 0V dt

Ž .1 d SV
sy k SGt r s 0V dt

Ž .1 d G V0 2s2 fk Iy k Gd t 0V dt
Ž .1 d G V1

s2 fk Iq k MG y k G Gd p 0 t 0 1V dt
Ž .Ž .q k Mq k S G yGt r m t r s 0 1

Ž .1 d G V2 Ž .s2 fk Iq k M G q2Gd p 0 1V dt
Ž .Ž .y k G G q k Mq k S G yGt 0 2 t r m t r s 0 2

Ž .1 d F V 10 2Ž . Ž .s k q k G q k Mq k S Gt t d 0 t r m t r s 0V dt 2
Ž .1 d F V1 Ž .s k G G q k Mq k S Gt 0 1 t r m t r s 1V dt
Ž .1 d F V2 2Ž . Ž .s k G G qG q k G G q k Mq k S Gtc 0 2 1 t d 0 2 t r m t r s 2V dt

we use the appropriate density correlation to take into ac-
count the volume change of the reaction mixture; that is,

W Wm s
V s MV , V s SV ,Ž . Ž .m sr rm s

Wmw xV s M 0 V 0 y MV . 2Ž . Ž . Ž .p rp

In this work, we apply this batch polymerization reactor
model to the styrene polymerization system. We also contain
the empirical gel effect correlation suggested by Hamer et al.
Ž .1981 in the reactor model. The physical properties and ki-
netic parameters were taken from the literature and are listed
in Table 3. However, the chain transfer rate constants were
determined by applying the parameter-estimation technique
to the experimental data.

Two-Step Method for the MWD Control in a Batch
Reactor

In most cases, MWD is fairly well described by the number
average molecular weight Mn and the polydispersity P.
Therefore, the MWD control problem in a batch reactor boils
down to that of searching an operating condition to produce
the polymer with the prescribed number average degree of
polymerization Y U and the prescribed polydispersity PU at
the desired conversion level XU. At time t, the number aver-

Ž . Ž .age degree of polymerization Y t and the polydispersity P t
are expressed as

F t qG tŽ . Ž .1 1
Y t s ,Ž .

F t qG tŽ . Ž .0 0

F t qG t F t qG t� 4 � 4Ž . Ž . Ž . Ž .0 0 2 2
P t s 3Ž . Ž .2F t qG t� 4Ž . Ž .1 1
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Table 3. Parameters Used in the Model for Styrene Polymerization

Physical Properties
w x Ž . Ž .r grL 924.0y0.981= T y273.15 Schuler and Suzhen 1985m

w x Ž . Ž .r grL 885.5y0.955= T y273.15 Schuler and Suzhen 1985s
w x Ž . Ž .r grL 1084.0y0.605= T y273.15 Takamatsu et al. 1988p

Rate Constants
y1 15w x Ž . Ž .k s 1.58=10 exp y30780rRT Duerksen et al. 1967d

7w x Ž . Ž .k Lrmolrs 1.051=10 exp y7064rRT Duerksen et al. 1967p
9w x Ž . Ž .k Lrmolrs 1.255=10 exp y1680rRT Duerksen et al. 1967t 0
7w x Ž .k Lrmolrs 1.186=10 exp y11767rRT Estimatedt r m
9w x Ž .k Lrmolrs 3.148=10 exp y16264rRT Estimatedt r s

Gel Effect Correlation

kt 2 3Ž . w Ž .x Ž .g X,T s sexp y2 Axq Bx qCx , xs X 1y f , f ssolvent fractiont s skt 0
y3where As2.57y5.05=10 T
y2Bs9.56y1.76=10 T

y3Csy3.03q7.85=10 T

Ž .and the conversion X t in a batch reactor is given by

V 0 M 0 yV t M t F t qG t V t� 4Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 1
X t s s ,Ž .

V 0 M 0 V 0 M 0Ž . Ž . Ž . Ž .
4Ž .

where the total amount of polymer produced is calculated
Ž . Ž . Ž .from the monomer material balance. If X t , Y t , and P t

in Eqs. 3 and 4 are replaced by XU, Y U, and PU, respec-
tively, the desired values of the moments of polymer concen-
trations are obtained as follows:

HU s F t qG t V t sV 0 M 0 XUrY U� 4Ž . Ž . Ž . Ž . Ž .0 0 0

HU s F t qG t V t sV 0 M 0 XU� 4Ž . Ž . Ž . Ž . Ž .1 1 1

HU s F t qG t V t sV 0 M 0 XUY UPU . 5� 4Ž . Ž . Ž . Ž . Ž . Ž .2 2 2

Therefore, given the control objectives XU, Y U, and PU and
the initial reactor condition, the MWD control problem is
equivalent to that of searching an operating condition to pro-
duce the polymer with HU, HU, and HU.0 1 2

It is then necessary to monitor the relations among H ,0
H , and H during a batch reactor operation. For this pur-1 2
pose, the instantaneous degree of polymerization y and the
instantaneous polydispersity p are defined as

2dH dH dH dH dH1 0 0 2 1
ys , ps . 6Ž .½ 5 ½ 5 ½ 5dt dt dt dt dt

These equations can be recast in the form dH rdH s y and1 2
dH rdH s py2. This implies that both H and H may be2 0 1 2
expressed in terms of H , so integration of Eq. 6 from 0 to0
HU gives the following equations:0

H U
0UH s y H dH 7Ž .Ž .H1 0 0

0

H U
0U 2H s p H y H dH . 8Ž .Ž . Ž .H2 0 0 0

0

These equations must always be satisfied to obtain the poly-
mer product with the desired properties. For the simplicity of

Ž .calculation, p H is assumed to be constant during a batch.0
This assumption has been found reasonable by the simula-
tion results of the present study. Furthermore, one can put
Eqs. 7 and 8 into dimensionless form:

y H1 0
1s d 9Ž .H U Už / ž /Y H0 0

U 2P y H1 0
s d , 10Ž .H U Už / ž /p Y H0 0

in which the following relationship should be satisfied:

PU

G1. 11Ž .
p

Equation 11 implies that the attainable minimum polydisper-
sity is equal to p.

Here, we can separate the MWD control problem into two
UŽ .steps: the first step is to determine y H satisfying Eqs. 90

and 10, while the second step is to explore the operating con-
Ž . UŽ .ditions forcing y H to y H determined in the first step.0 0

First step based on the quadratic expression for y
Ž .Takamatsu et al. 1988 used three different types of ex-

Ž . Ž . Ž .pression for y H : 1 a rectangular type; 2 a quadratic0
Ž .type; and 3 a mixed type of zero and first-order polynomial.

Ž .Here, we consider the quadratic expression for y H to0
Ž . Ž . 2execute the two-step method: y H s y 0 q a H q a H ,0 1 0 2 0

Ž .where y 0 is calculated by using the initial reactor condition.
In general, the quadratic expression is preferred to other ones
because of the fact that the profile of y is smooth and the
attainable MWD is sufficiently extensive. Various expressions

Ž .for y H , however, may be chosen considering the reactor0
operability.

Ž .The quadratic expression for y H can be inserted into0
Eqs. 9 and 10 to determine a and a , respectively. The re-1 2
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Ž .sulting y H trajectories are derived in dimensionless form0
as follows:

2Uy H 3 H 15 HŽ .0 0 0w x w x w xs 1qb y 3bq5D q bq3D ,U U Už / ž /Y 2 H 4 H0 0

1
2Ds" 8a y b 12Ž .Ž .(15

where

PU y 0Ž .
a s y1 and b s y1. 13Ž .Up Y

Here a is the dimensionless parameter related to the relative
ratio of the desired polydispersity to the attainable minimum
polydispersity, and b is the dimensionless quantity associated
with the initial reactor condition. For the sake of conve-
nience, we call Eq. 12 the quadratic constitutive equation
Ž .QCE . The desired polymer product is to be obtained if the
instantaneous degree of polymerization y tracks one of the
two trajectories given by QCE during the course of polymer-
ization. It is important to know that these QCEs for DG0

UŽ .and for D-0 are only the subset of y H trajectories sat-0
isfying Eqs. 9 and 10.

Second step: Calculation of the recipe for the reactor
operation

In the second step, the reactor operating condition that
realizes the yU profile determined in the first step should be
calculated based on the polymerization reactor model. Using
the conservation equations for the moments of the living and
dead polymer concentrations, the instantaneous degree of
polymerization y is derived as follows:

2 fk Iq k MG q k Mq k S GdH Ž .d p 0 t r m t r s 01
ys s . 14Ž .2dH 2 fk Iy0.5k G q k Mq k S GŽ .0 d tc 0 t r m t r s 0

Here, we assume that the reactor temperature is primarily
used to control the MWD with the given initiator amount
and solvent fraction. Therefore, one can calculate the right-
hand side of Eq. 14 for a given temperature and indeed de-
termine the temperature trajectory that makes the time pro-

Ž . UŽ .file y t of Eq. 14 equal to the y H profile obtained in the0
first step.

In actual calculation, the mass-balance equations for I, M,
S, and G need to be integrated simultaneously, and the fol-0

UŽ .lowing equation is used to map the y H profile into the0
Ž .corresponding time profile y t :

dt V
s . 15Ž .2dH 2 fk Iy1r2k G q k Mq k S GŽ .0 d tc 0 t r m t r s 0

This procedure will lead to the actual operating policy re-
quired.

MWD Attainable by the Two-step Method Based on
QCEs
MWD attainable by QCEs without constraints on the range
of y

Let us first explore the MWD attainable by QCEs without
constraints on the range of y. In this case, the attainable
MWD can be easily estimated by investigating the physically

Ž .realizable pairs of a , b in QCEs. The feasible value of a is
closely related to the attainable polydispersity by Eq. 13; that
is, if the larger value of a is feasible, the polymer product
with a larger polydispersity can be obtained.

Ž .The physically realizable pairs of a , b can be deter-
mined by requiring in Eq. 12 that D be real and yU be posi-
tive; that is,

1 yU

2a G b and )0. 16Ž .U8 Y

Ž .Figure 1 shows the regions of a , b corresponding to the

Figure 1. Physically realizable regions for the pairs of
( )a , b attainable by the two-step method
based on QCEs.
Ž U .a s P rpy1 is related to the ratio of the desired polydis-

persity PU to the attainable minimum polydispersity p, and
Ž Ž . U .b s y 0 rY y1 is related to the ratio of the initial instan-

Ž .taneous degree of polyermization y 0 to the desired degree
of polymerization Y U. The individual regions of each cap-

Ž .tion can be represented by the following expressions: a a:
Ž 2 2. Ž . Ž 2 2. Ž1r8 b F a -1r5b n b F 0 , b: 1r5b F a -1r3b n b

. Ž 2 2. Ž . �Ž 2 . ŽF 0 , c: 1r3b F a - 4r5b n b F 0 , d: 4r5b F a n b

.4 �Ž 2 . Ž .4 Ž 2 2. ŽF 0 k 1r5b F a n b ) 0 , e: 1r8 b F a -1r5b n b

. Ž . Ž 2 2. Ž . �Ž 2 .) 0 . b a: 1r8 b F a -1r5b n b F 0 , b: 4r5b F a
Ž .4 �Ž 2 . Ž .4 Ž 2n b ) 0 k 1r5b F a n b F 0 , c: 1r3b F a -

2. Ž . �Ž 2 2. Ž .4r5b n b ) 0 , d: 1r5 b F a - 1r3b n b ) 0 , e:
Ž 2 2. Ž .1r8 b F a -1r5b n b ) 0 .
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physically realizable QCEs satisfying Eq. 16. For the case of
QCE for DG0, the upper bound of a in Figure 1a is given
by

1
2 'a s b y b q6q 2y b 3 3y b 1q bŽ . Ž .Ž .u 10

20
for y1- b - , 17Ž .

7

along which the minimum value of y is equal to zero. The
maximum value of a is obtained asu

'5 5y3 5
a s at b s . 18Ž .u , M 4 4

Thus the maximum polydispersity attainable is equal to 9pr4.
On the other hand, the lower bound of a in Figure 1a is
given by

1 20
2a s b for y1- b - , 19Ž .l 8 7

along which the value of D remains as zero.
Now it is to be noticed that one can think of five different

patterns for the QCE profile for DG0 as depicted in Figure
2a. Corresponding to each of these patterns, one obtains a
subregion marked within the feasible region of Figure 1a.

In the same manner, one can examine the feasible MWD
based on QCE for D-0. The upper bound of a in Figure
1b is derived to give

1° 22b q b q2 fory1- b -2Ž .
15~ 1a s 20Ž .u 2 'b y b q6q b y2 3 3y b 1q bŽ . Ž .Ž .
10¢ for 2F b -3,

along which the minimum value of y is equal to zero. The
maximum value of a is given byu

'5 5q3 5
a s at b s . 21Ž .u , M 4 4

In other words, the maximum polydispersity attainable is the
same as that for DG0. And the lower bound of a for D-0
is determined as follows:

1 20° 2b fory1- b -
8 7
1

2~a s 22'b y b q6q 2y b 3 3y b 1q b Ž .Ž . Ž .Ž .l 10
20

for F b -3.¢
7

The shape of QCE for D-0 may also be classified into

Figure 2. Various patterns for the QCE profiles corre-
sponding to the subregions in Figure 1.

five different patterns, as shown in Figure 2b. To each of
these patterns, there corresponds a subregion located within
the feasible region of Figure 1b.

In Figure 1, larger values of a are feasible in subregions d
and e for DG0 and subregion e for D-0, respectively. From
this observation, we see that the polymer product with a larger
polydispersity can be obtained by using a QCE with the mini-
mum extremum point between 0 and HU. It is also noticed0
that the feasible range of a is relatively small in subregions a
and b for DG0 and in subregions a, b, and c for D-0. This
implies that QCE with the maximum extremum point would
put a severe restriction on the range of feasible polydisper-
sity.

MWD attainable by QCEs with constraints on the range
of y

In practice, the attainable average molecular weights de-
termined in the previous section may lose their physical
meaning if the process constraint is not taken into account.
For example, the reactor often needs to be operated within
a certain temperature range due to process safety or oper-
ability. Here we note that the instantaneous degree of poly-
merization y varies monotonically along with the operating
variables such as the reactor temperature, the initiator con-
centration, and the solvent fraction. Thus, the process con-
straints can be translated into the appropriate constraints on
y.

In this section, we will consider the following transformed
constraints; that is, the upper and lower bounds of y:

s F y H F s . 23Ž .Ž .1 0 2

These constraints, s and s , can be readily identified by per-1 2
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forming the reactor-model simulation under the operating
conditions close to the process constraints and the attainable
number average molecular weight should also be restricted
between these two limits; that is, s FY U F s . We put s and1 2 1
s into dimensionless form as follows:2

s s1 2
d s y1 and d s y1, 24Ž .1 2U UY Y

and thus

s s2 2
d s d q y1 , y1-d F0 and d G0.2 1 1 2ž /s s1 1

25Ž .

It is now evident that the attainable polydispersity is re-
stricted not only by the shape of QCEs but also by the values
of d and d .1 2

In the sequel, we shall examine the ranges of the degree of
polymerization and the polydispersity attainable by using
QCEs under the constrained operating conditions. In this
case, the attainable MWD is calculated by the physically real-

Ž .izable pairs of a , b satisfying the following inequalities:

23 H 15 H0 0w x w xd F b y 3b q5D q b q3D Fd1 2U Už / ž /2 H 4 H0 0

for 0F H F HU , 26Ž .0 0

in which both the maximum and minimum values of QCEs
are required to exist in the constrained range of y, respec-
tively. From Figures 1 and 2, one can easily identify the
maximum and minimum values of QCEs. For example, the
minimum value of QCE for DG0 in Figure 2a is derived as
follows:

y Hmin 0
s b q1 at s0U UY H0

for subregions a, b, and c

2y 3 3b q5D H 3b q5DŽ .min 0
s b q1y at sU UY 20 b q3D H 5 b q3DŽ . Ž .0

for subregions d and e 27Ž .

Ž .and thus the feasible pairs of a , b in the case of the QCE
for DG0 are required to satisfy the following relation for
y G s :min 1

b Gd for subregions a, b, and c 28aŽ .1

1
2 2a F b qd bq6d y 2d qb 3 3d qb d yb'Ž . Ž .Ž .1 1 1 1 110

for subregions d and e. 28bŽ .

Also, the maximum value of QCE for DG0 can be expressed
as follows:

2y 3 3b q5D H 3b q5DŽ .max 0
s b q1y at sU UY 20 b q3D H 5 b q3DŽ . Ž .0

for subregion a

y 1 15 Hmax 0
s1q b q D at s1U UY 4 4 H0

for subregions b, c, and d

y Hmax 0
s b q1 at s0U UY H0

for subregion e, 29Ž .

and, by using Eq. 29 and the inequality condition y F s ,max 2
the following inequalities are derived for the feasible pairs of
Ž .a , b in the case of the QCE for DG0:

1
2 2a G b qd bq6d q 2d qb 3 3d qb d y b'Ž . Ž .Ž .2 2 2 2 210

1 2
2 2for b F a - b n b F0 30aŽ . Ž .ž /8 15

1
2 2a F b qd bq6d y 2d qb 3 3d qb d y b'Ž . Ž .Ž .2 2 2 2 210

2 1
2 2for b F a - b n b F0 30bŽ . Ž .ž /15 5

1
2 2a F 2b yd b q2dŽ .2 215

for subregions b, c, and d 30cŽ .
b Fd for subregion e. 30dŽ .2

Ž .Therefore, the feasible pairs of a , b in the case of the
QCE for DG0 fall in a region enclosed by Eq. 16 from the
constraint on D and Eqs. 28 and 30 from the constraints on
the maximum and minimum values of QCE for DG0, re-
spectively.

In the same manner, we can derive the realizable pairs of
Ž .a , b in the case of the QCE for D-0. From the constraint
on the minimum value of the QCE for D-0, the following
inequality conditions are obtained:

b Gd for subregion a 31aŽ .1

1
2 2a F 2b yd b q2dŽ .1 115

for subregions b, c, and d 31bŽ .
1

2 2a F b qd bq6d q 2b qb 3 3d qb d yb'Ž . Ž .Ž .1 1 1 1 110

2 1
2 2for b F a - b n b F0 31cŽ . Ž .ž /15 5

1
2 2a G b qd bq6d y 2d qb 3 3d qb d y b'Ž . Ž .Ž .1 1 1 1 110

1 2
2 2for b F a - b n b F0 , 31dŽ . Ž .ž /8 15
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( )Figure 3. Plane of the constraint parameters d , d di-1 2
vided into seven subregions.
d and d are defined as d s s rY U y1 and d s s rY U y1,1 2 1 1 2 2
where s F Y U F s . The individual regions of each caption1 2
can be represented by the following expressions:

a: 0F d -y1r3d ; b: y1r3d F d -y7r20d ; c: y7r20d2 1 1 2 1 1
F d -y1r2 d ; d: y1r2 d F d -y2 d ; e: y2 d F d -2 1 1 2 1 1 2
y20r7d ; f: y20r7d F d -y3d ; g: y3d F d .1 1 2 1 1 2

and, using the constraint on the maximum value of the QCE
for D-0, we can derive the following inequalities:

1
2 2a F b qd bq6d q 2d qb 3 3d qb d y b'Ž . Ž .Ž .2 2 2 2 210

for subregions a and b 32aŽ .

b Fd for subregions c, d, and e. 32bŽ .2

Ž .Therefore, the feasible region for the pairs of a , b in the
case of the QCE for D-0 is constructed from Eqs. 16, 31,
and 32.

�In Figure 3, the plane of the constraint parameters, y1-
4 � 4d F0 n 0Fd F3 , is divided into seven subregions based1 2

on the number of the boundary inequalities enclosing the
Ž .feasible a , b region. To each of these subregions, there is a

corresponding particular shape of the feasible region for the
Ž .pairs of a , b , as illustrated in Figures 4 and 5. If the con-

� 4 �straint parameters fall within the region y1-d F0 n 3-1
4 Ž .d , the shape of the feasible a , b region is similar to that2

corresponding to the subregion g in Figure 3.
In each diagram of Figure 4, the boundary consists of sev-

eral segments. If we begin from the lowest segment passing
through the origin and rotate clockwise, the equations to be
used successively to construct the segments are listed in se-
quence in Table 4 by their equation numbers. With respect to
Figure 5, the same information is also given in Table 4.

Figures 4 and 5 clearly show the information about the at-
Ž U .tainable value of a s p rP y1 within a specific subregion

of constraint parameters. For example, we observe that the
maximum attainable values of a are identical regardless of
the sign of D. Table 5 presents the maximum value of a
attainable by the two-step method based on QCEs within a
specific subregion of constraint parameters.

Using this information on the attainable average molecular
weights, one can efficiently develop the MWD control strate-
gies for producing the desired polymer product. This infor-

( )Figure 4. Feasible regions for the pairs of a , b corre-
(sponding to the subregions in Figure 3 d =1

)I4/////5 in the case of the QCE for DG0.

mation will play the central role when on-line modification of
the recipe is to be implemented by using the two-step method.

Application to a Styrene Batch Polymerization
Reactor
Variation of y according to the operating condition

Figure 6 shows the variation of y according to the reactor
operating conditions such as the reactor temperature and the
solvent fraction. In the styrene solution polymerization, y
slightly increases with the conversion under the isothermal
condition because of the gel effect. Here, two unusual phe-
nomena are observed in the postreaction interval: a rapid de-
crease or a rapid increase of y by the exhaustion of monomer
or initiator, respectively. Figure 7 illustrates these phenom-
ena when generated under the reactor operating conditions
corresponding to Figure 6b in terms of the histories of
monomer conversion and initiator concentration, respec-
tively. With the high solvent fraction, the level of y is less
sensitive to the reactor temperature and remains low in com-
parison to the case of the low solvent fraction.

Estimation of the attainable MWD
The following example illustrates the ideas described ear-

lier, demonstrating the two-step method based on QCEs. The
specific operating condition considered here is the same as
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( )Figure 5. Feasible regions for the pairs of a , b corre-
(sponding to the subregions in Figure 3 d =1

)I4/////5 in the case of the QCE for D-0.

that in Figure 6b: the reactor temperature constrained be-
tween 508C and 908C, the initial initiator concentration 0.03
molrL, and the solvent fraction 0.25. Using the results of
model simulation at 508C and 908C, respectively, we assign

Table 4. Equations to be Used Successively for the
( )Construction of Feasible a , b Regions

Figure 4 Figure 5

a 16, 30a, 30b, 30c, 30d 16, 32a, 32b
b 16, 30a, 28a, 30b, 30c, 30d 16, 32a, 31b, 32a, 32b
c 16, 28a, 30b, 30c, 30d 16, 31a, 32a, 31b, 32a, 32b
d 16, 28a, 30c, 30d 16, 31a, 31b, 32b
e 16, 28a, 28b, 30c, 28b, 30d 16, 31a, 31b, 31c, 32b
f 16, 28a, 28b, 30c, 28b 16, 31a, 31b, 31c, 32b, 31d
g 16, 28a, 28b 16, 31a, 31b, 31c, 31d

the constraints on y as s s190 and s s590. Hence we con-1 2
sider the value of Y U between 190 and 590. Then the follow-
ing linear relation exists between d and d :1 2

59 40 40
d s d q for y -d F0.2 1 119 19 59

We also set the value of p in Eq. 13 equal to 1.7 by consider-
ing the results of the reactor-model simulation under various
isothermal conditions. Using the maximum attainable values
of a given in Table 5, we plot the feasible region of the MWD
objective specified by Y U and PU in Figure 8. Note that the
feasible region of the MWD objective is identical regardless
of the sign of D, and the range of the attainable polydisper-
sity varies depending on the desired degree of polymeriza-
tion. In this example, a large polydispersity is attainable at
the degree of polymerization around 300.

Calculation of the recipes for the reactor temperature
In this example, we set the desired degree of polymeriza-

tion Y U equal to 250, which corresponds to d sy6r25 and1
Ž .d s34r25. Figure 9 shows the feasible a , b regions when2

the QCEs are applied to these constraint parameters. First,
the attainable range of the polydispersity at Y U s250 in Fig-
ure 8 is given by 1.7F PU F1.8224. Thus we set PU and XU

Table 5. Maximun Value of a Attainable by the Two-Step Method Based on QCEs

Value of b Corresponding to aM

Condition on d and d Maximum Value of a Attainable, a DG0 D-01 2 M

' ' '5q3 5 5 5q3 5 5y3 5
2d -y d a s d b sy d b sy d1 2 M 2 2 2ž / ž / ž /4 4 4 4

'5q3 5 1 1
2 2w wy d Fd -y2d a s d qd d q6d b sd b sy d q3d2 1 2 M 1 1 2 2 1 1 2ž /4 10 2

Ž . Ž .Ž . x Ž . Ž . xy d q2d 3 d q3d d yd y 3 d q3d d yd' '1 2 1 2 2 1 1 2 2 1

1 1
2 2Ž .y2d Fd -y d a s 2d yd d q2d b sd b sd2 1 2 M 1 1 2 2 1 22 15

'1 5y3 5 1 1
2 2w wy d Fd - d a s 6d qd d qd b sy 3d qd b sd2 1 2 M 1 1 2 2 1 2 2ž /2 5 10 2

Ž . Ž .Ž . x Ž .Ž . xq 2d qd 3 3d qd d yd q 3 3d qd d yd' '1 2 1 2 1 2 1 2 1 2

' ' '5y3 5 5 5y3 5 5q3 5
2d Fd a s d b sy d b sy d2 1 M 1 1 1ž / ž / ž /5 4 4 4
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Figure 6. Variation of y for three different solvent frac-
tions under various isothermal conditions:
( )I 0 =0.03 mol/////L.

Figure 7. Histories of monomer conversion and initiator
concentration under the reactor operating
condition corresponding to Figure 6b.

Figure 8. Feasible region of the MWD objective attain-
able by the two-step method based on QCEs
under the reactor operating condition corre-
sponding to Figure 6b.

to 1.8 and 0.5, respectively. One can read the range of b
Ž .from Figure 9 and obtain the feasible range of y 0 as 193.3

Ž . Ž .F y 0 F292.7 for DG0 and 392.7F y 0 F421.5 for D-0.
Then we can calculate a set of the temperature recipes to
produce the polymer satisfying the MWD specification by
choosing the initial reactor temperature within the feasible

Ž .range of y 0 .
Finally, we calculate the temperature recipes by setting the

initial reactor temperatures to 67.5, 73.0, and 78.58C for DG0
and 598C for D-0. Figure 10 shows the calculated tempera-
ture trajectories located between the temperature constraints

( )Figure 9. Feasible regions for the pairs of a , b with
the constraint parameters d =I6/////25 and d =1 2
34/////25 under the reactor operating condition
corresponding to Figure 6b.
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Figure 10. Reactor temperature trajectories that would
produce the polymer satisfying the MWD ob-
jective YU =250 and PU =1.8, and the histo-
ries of the monomer conversion corre-
sponds to the reactor temperature trajecto-
ries.
The reactor operating condition corresponds to Figure 6b.

and the histories of the monomer conversion. The operation
time is about 235 min for the three trajectories with DG0
and 290 min for the trajectory with D-0. Thus, if we prefer
to reduce the batch time with the given MWD specification,
it is natural to choose a temperature trajectory with DG0.
The shape of the temperature trajectory is the bell type, with
the maximum at the first half for DG0, whereas it is the
increasing type for D-0. To select an operating recipe, we
need to consider the performance of the given control sys-
tem. For example, if the reactor cooling is rather difficult,
one may select the temperature trajectory for D-0 despite
the longer batch time.

Figure 11 contains the histories of the degree of polymer-
ization and the polydispersity. For the three trajectories with
DG0, these histories coincided with one another at the latter
part of the course of the reaction. In all four cases, one can
clearly see that the MWD specification is satisfied at the de-
sired final conversion level.

Ž .In this example, the feasible ranges of y 0 turn out to be
somewhat conservative due to the fact that the lower con-
straint on y, s , is rather severe. For instance, the maximum1
temperatures for DG0 in Figure 10 are found to be about

Figure 11. Histories of the degree of polymerization and
polydispersity corresponding to the reactor
temperature trajectories in Figure 10.

808C, which corresponds to s s190 at low conversion. To1
improve this conservativeness in the case of DG0, one may
lower s , taking the fact that the maximum temperature is1
formed at low conversion into consideration.

Summary and Concluding Remarks
Here, we investigated the molecular-weight distribution at-

tainable in a batch free-radical polymerization reactor in as-
sociation with the two-step method. The MWD was specified
by the degree of polymerization and the polydispersity. The
problem was analytically solved under some assumptions, on
which the two-step method is based. Furthermore, the entire
computational procedure was intelligently organized by virtue
of the fact that the appropriate initial operating condition
and the shape of the temperature trajectory can be selected
based on the preliminary analysis of the attainable MWD. As
a result, the actual computational load is very low compared
to the conventional optimization methods and the original
two-step method. In addition, the problem involved with con-
straints on the operating condition is analytically treated.

The current version of the two-step method was applied to
the styrene polymerization reactor. We illustrated the attain-
able MWD under a specific operating condition with con-
straints; calculated various reactor temperature trajectories
to produce the desired polymer product; and demonstrated
that the temperature trajectories indeed gave rise to the poly-
mer product with the desired MWD specification at the de-
sired final conversion level.

The ability to visualize the attainable MWD will allow an
engineer how to easily design the recipes that meet the de-
sired MWD objectives. For the on-line two-step method, the
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information on the attainable MWD is essential so that the
feasibility of the target MWD can be inspected and the tra-
jectory intelligently adjusted in order to compensate for the
process disturbances at every time step.

In this study, we have applied the two-step method based
on the quadratic y profile. However, the quadratic y profiles

Ž .are only the subset of y H trajectories that can be used as0
the constitutive equations for the two-step method. It is obvi-
ous that we need to explore the y profile in a more general
way and estimate the attainable MWD on the basis of such a
y profile.
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Notation
f sinitiator efficiency

Ž .F skth moment of dead polymer concentration ks0, 1, 2 , molrLk
Ž .G skth moment of living polymer concentration ks0, 1, 2 , molrLk
Ž .H skth moment of total polymer concentration ks0, 1, 2 , molrLk

Isinitiator or its concentration, molrL
y1 Ž .ksreaction rate constant, s or Lr mol ? s

Msmonomer or its concentration, molrL
P sdead polymer of chain length n or its concentration, molrLn
R sliving polymer of chain length n or its concentration, molrLn

Sssolvent or its concentration, molrL
W smolecular weight, grmol

xsfractional monomer conversion
r sdensity, grL

Subscripts
dsinitiator decomposition

msmonomer
pspropagation or polymer

Ž .sssolvent toluene
tstermination

tcstermination by combination
tdstermination by disproportionation

trmschain transfer to monomer
trsschain transfer to solvent
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